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Effects of circulating energetic particles on the geodesic acoustic modes (GAMs) with finite wave
numbers are analyzed by using the hybrid kinetic-fluid model. The dispersion relation is derived by
adopting the slowing beam ions distribution function in the presence of finite parallel wave number
(FPWN), which is shown to affect the GAM as the toroidal rotation to the classical GAMs with zero
wave numbers. The effects of CEIs can be divided into two parts. One is contributed by the poloidal
angle and kinetic energy dependencies of the unperturbed distribution function, and is independent
of the poloidal and toroidal wave numbers. The other related to the radial gradient of the CEIs
pressure is proportional to the poloidal wave number, and is shown to play destabilizing effect on
the GAMs. The critical condition responsible for an instability is analytically presented.
I. INTRODUCTION
The geodesic acoustic modes (GAMs) naturally ex-
ist in tokamak plasmas[1, 2] and play an important
role in moderating the plasma turbulence and turbulent
transport[3–5]. They are basically electrostatic potential
fluctuations with finite radial wavenumber and have been
extensively studied by experimental observations (see, for
example, [6–8]), theoretical analyzes [9, 10] as well as nu-
merical simulation[11]. Classical GAMs have the toroidal
and poloidal symmetrical structures (m = n = 0) and a
typical frequency ω2G = c
2
s(2+ q
−2)/R2 in a non-rotating
system, treated as the high-frequency branch of the zonal
flows (ZFs), where q is the safety factor, R is the major
radius of the tokamak, and cs = (γp/ρ)
1/2 is the sound
speed with the plasma thermal pressure p, density ρ, and
adiabatic index γ. This dispersion relation is justified in
a low-β plasma, where β is the ratio of plasma thermal
pressure to the magnetic pressure defined as γp0µ0/B
2.
Recently, Wahlberg theoretically performed that GAMs
could also exist on the rational surface with finite poloidal
and toroidal wavenumbers[12], which has not attracted
much attention.
On the other hand, the energetic particles (EPs) are
becoming a key issue in tokamak plasma physics[13] and
are shown to drive GAMs known as the energetic geodesic
acoustic modes (EGAMs), which has attracted much at-
tention since they were theoretically predicted by Fu
in 2008 [14] and experimentally observed in the same
year[15]. A recent flux-driven 5D gyrokinetic simula-
tion provided the direct evidence of the impact on tur-
bulent transport of EGAMs [16]. In view of that the
radial inhomogeneity can lead to the continuous spec-
trum of GAMs[17, 18], Qiu et al. developed the nonlocal
theory of EGAMs by taking into account the coupling
to the GAM continuous spectrum [19] and the nonuni-
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formity of EPs radial density profile[18]. Recently, the
GAM/EGAM instability was studied in a local approach
and by means of the eigenvalue analysis[20]. The lin-
ear properties of EGAM in the large helical device plas-
mas were investigated using a hybrid simulation code for
a magnetohydrodynamics fluid interacting with EPs[21].
In Ref. [22], the poloidal dependence of EPs equilibrium
pressure was first considered to investigate the effects of
circulating energetic ions (CEIs) on the GAMs in the
presence of toroidal rotation with m = n = 0.
It is noted that a part of the effects of CEIs is related to
m[23], which motivated the presented work. Here, we in-
vestigate the effects of CEIs on the GAM with nonzerom
and n by taking into account the poloidal dependence of
CEIs unperturbed pressure using the hybrid kinetic-fluid
model. It is shown that effects of CEIs can be divided
into two parts. One is introduced by the poloidal angle
and kinetic energy dependencies of the unperturbed dis-
tribution function and independent of the poloidal and
toroidal wave numbers. The other is contributed by the
radial gradient of the CEIs pressure, is proportional the
poloidal wave number, and plays destabilizing effect on
the GAMs. The results are applicable to a large-aspect-
ratio tokamak with an arbitrary safety factor and a low
β.
II. CALCULATION
We start our derivation from the hybrid kinetic-fluid
model[13] to describe the plasmas and energetic particles,
∂ρ
∂t
+∇ · (ρ~u) = 0, (1)
ρ
d~u
dt
= −∇p−∇ · ↔ph + ~J × ~B, (2)
∂ ~B
∂t
= ∇× (~u× ~B), (3)
∂tp+ γp∇ · ~u+ ~u · ∇p = 0, (4)
2in which p↔h is the pressure tensor of the energetic ions
with a Chew-Goldberger-Low form[24], p↔h = p⊥ I
↔
+
(p‖ − p⊥)bˆbˆ, and other symbols have their usual mean-
ings. We consider a large-aspect-ratio tokamak plasma
with a toroidal symmetric magnetic field ~B = I(ψ)∇ζ +
∇ζ × ∇ψ, and work in the (r, θ, ζ) coordinate system,
where ψ is the magnetic flux, ζ and θ are the toroidal
and poloidal angles, respectively. f0 denotes the equi-
librium profile and δf the perturbed one but the sub-
script is omitted and the equilibrium magnetic field is
referred to by ~B directly. The equilibrium condition
yields ∇‖(B−2∆p0) = 0 with ∆p0 = p‖0 − p⊥0, indi-
cating that the equilibrium pressure of energetic ions is
isotropic, or else it depends on the poloidal angle, in turn,
∆p0 ∝ R−2. The Lagrangian perturbation ~ξ is expanded
to ξ‖ ~B/B+ ξθ ~B×∇r/B+ ξr∇r. After some calculation,
we find the following linearized equations
−ρ0ω2ξθ +
(
I∇‖
ψ′g11
+ i
nB
ψ′g11
)
δP −B2∇‖
[∇‖(Bξθ)
B
×(
1− ∆p0
B2
)]
+Kθ(2BδB‖ − δp‖ + δp⊥) = 0, (5)
and
−ρ0ω2ξ‖ +∇‖(δp+ δp⊥) +B∇‖
(
δp‖ − δp⊥
B
)
−∆p0∇‖
(
δB‖
B
)
= 0, (6)
in which δp = −c2sρ0φ with φ = ∇ · ~ξ, δB‖ = ~B ·
∇ × (~ξ × ~B)/B, and Kθ is the geodesic component of
the magnetic curvature K. In order to find the disper-
sion relation of GAMs, ξr ∼ ǫξθ/(krr) is assumed for
GAMs with a radial local structure on the supposition
of krr ≫ 1, where kr = −i∂r is the radial wave num-
ber and ǫ = r/R. δBr is simultaneously neglected since
δBr = B(g
11)−1∇‖(g11ξr) with g11 = ∇r · ∇r. It is also
assumed that δf = e−iωte−inζ
∑
m δfme
imθ with the fre-
quency ω and toroidal wave number n. The total per-
turbed pressure δP is defined as δP = δp+ δp⊥+BδB‖.
Using δP ≃ 0 to eliminate the fast magnetosonic wave,
we obtain the following two mode equations describing
GAMs in a low-β plasma in the presence of energetic
particles are[22](
1 +
c2s∇2‖
ω2
)
φ+ 2
sin θ
R
ξθ − 1
ρ0ω2
∇2‖δp‖ = 0, (7)
and
ω2
(
ξθ +
c2s
βω2
∇2‖ξθ
)
+ 2
sin θ
R
c2sφ−
sin θ
Rρ0
(δp⊥ + δp‖) = 0.
(8)
The circular cross-section is adopted by letting R = R0+
r cos θ and then Kθ ≃ sin θ/R. Obviously, ∆p0/B2 is
also limited to be much less than unit. Classical GAM
occurs with zero m and n for ξθ. The mode equations
above indicates that the GAM can come into being on
the rational surface with finite m and n as pointed out
in 12. With finite wave numbers, there is n‖ = m−nq ≃
−nq′∆r ≪ 1 near the rational surface with distance ∆r.
Zeroing ∆r = 0 implies the GAM on the rational surface
with zero parallel wave number. Eliminating φ from the
two equations above by adopting n‖ ∼ O(β1/2) and in
view of (qR)−1(m± 1− nq) ≃ ±(qR)−1, one has
Ω2 −
n2‖
q2β
− 2Ω
2
Ω2 − q−2
− q
2Ω2 + 1
q2Ω2 − 1
Reinζ
ρ0c2sξm2i
(δp‖,m−1 − δp‖,m+1) = 0. (9)
in which Ω = ωR/cs is the normalized frequency. Here
we focus on the circulating energetic ions (CEIs) by as-
suming δp⊥ ≪ δp‖ since the major outcome of neutral
beam injection (NBI) is the circulating particles.
The perturbed distribution function of the energetic
ions is determined by the gyrokinetic equations ignoring
the finite-Larmor-radius effect[13],
δFh = (∂Fh0/∂E)eδΦ+ δHh,
(~V0 · ∇ − iω)δHh = ieQh(δΦ− v‖δA‖), (10)
where Fh0 and δFh are the equilibrium and perturbed
distribution functions of energetic ions, respectively, δΦ
is the perturbed electrostatic potential, E = mhv
2/2
is the kinetic energy, e is the charge, mh is the mass,
δA‖ is the parallel component of the perturbed magnetic
vector, Qh = ω∂Fh0/∂E + (reB)
−1(mF ′h0 − kr∂θFh0),
where the prime denotes the derivative with respect to
r, ~V0 = v‖~b + [(v
2
‖ + v
2
⊥/2)/Ωch]
~b × ~K with Ωch =
eB/mh and ∇B ≃ ~KB. The ideal Ohm’s law gives
δA‖ ≃ −i∇‖δΦ/ω and ξθ = −(kr/ωB)δΦ. The equi-
librium condition ∇‖[(p‖0 − p⊥0)/B2] = 0 provides con-
straints on the equilibrium distribution function, even-
tually leading to ∂θFh0 ∼ ǫFh0 in view of p‖ =∫
d3vmhv
2
‖Fh0. Supposing the distribution function of
CEIs as Fh0 = ph(r, θ)Y (λ,E) with ph = p
r
h(r)
R2
0
R2 , one
finds ∂θFh0 = 2ǫ sin θFh0. As a result, Qh should be
ω ∂Fh0∂E +mF
′
h0/(reB)− αN sin θ for self-consistency and
N is shorten for 2krFh0eBR . A tag α (= 0, 1) is plugged in ad-
ditionally to trace the poloidal-angle-dependence effect.
Assuming (δH, δΦ) = eimθ−inζ(δHr, δΦr), the gyroki-
netic equation can be rewritten as
∂θδH
r − vd
ωtr
cos θ∂θδH
r − imvd
ωtr
cos θδHr − ind sin θδHr
+ i
v‖k‖ − ω
ωt
δH ′ = ieQh
ω − v‖k‖
ωωt
δΦr, (11)
in which vd = (v
2
‖ + v
2
⊥/2)/(RΩch), ωt = v‖/(qR), nd =
krvd/ωt, and k‖ = n‖/(qR). Assuming vd/(ωtr)≪ 1 and
3ω/ωt ≪ 1 for the CEIs and using the transform δHr =
αN (ω− v‖k‖)/(ndωtω)eδΦr+ e−ind cos θ(C(ψ)+ δg) with
δg ≪ C(ψ), we obtain the perturbed distribution func-
tion
δF =
[
eδΦr
∂Fh0
∂E
+ αN (ω − v‖k‖)/(ndωtω)eδΦr
+ e−ind cos θ(C + δg)
]
eimθ−inζ , (12)
in which
C =− e
ω
δΦr
(
ω
∂Fh0
∂E
+
mF ′h0
reB
+ α
ω − v‖k‖
ωtnd
N
)
J0(nd),
(13)
δg =− i
(
vdnd
4ωtr
cos 2θ − mvd
ωtr
sin θ
)
C
+ i
ω − v‖k‖
ωt
C
(
θ − J−10
∫
eind cos θdθ
)
, (14)
with the lth-order Bessel function Jl(nd). It should be
specifically pointed out that the transform used to sim-
plify (11) requires also n‖ ≪ 1, so that the order sep-
aration can be justified. Obviously, this requirement is
independent of the restriction to n‖ introduced by the
mode equations (7) and (8) of GAMs. In other words, if
the mode is not a GAM but another one such as a tear-
ing mode, its mode equation does not require n‖ ≪ 1.
However Eq. (12) still requires small n‖. Considering a
typical m/n = 2/1 mode for instance, the safety factor is
actually restricted to about 2 but not an arbitrary one.
Now go back to Eq. (9). In view of
einζ
2i
(δp‖,m−1 − δp‖,m+1) = 1
2π
∮
dθe−imθ+inζ sin θδp‖,
(15)
and ξθ = −kr/(ωB)δΦ, we can define a parameter H =
− RωBρ0c2skr
1
2pi
∮
dθ sin θ
∫
d3vmhv
2
‖δF
r to represent the CEIs
effects and rewrite the dispersion relation as
Ω4 − Ω2
(
2 +
1
q2
+
Ξ
q2
)
+
Ξ
q4
−
(
Ω2 +
1
q2
)
H = 0.
(16)
in which Ξ stands for n2‖/β. We now give some brief dis-
cussion about the effects induced by finite parallel wave
number (FPWN) in the absence of CEIs. The two solu-
tion are
ω2 = 1 +
1 + Ξ
2q2
±
√(
1 +
1 + Ξ
2q2
)2
− Ξ
q4
. (17)
One is related to the GAM and the other is responsible
for a low frequency zonal flow with near zero frequency.
Compared to the result in the presence of toroidal rota-
tion, it is found that the FPWN plays a similar role as the
sonic Mach number in a toroidally rotating tokamak[12],
i.e., to increase the frequencies of GAM and induce a
low-frequency branch.
With the aid of the perturbed distribution function,
one obtains
H =
ReB
ρ0c2skr
∫
mhv
2
‖d
3v
[
i
m
krr
J0J1 +
(
ω
ωtnd
− n‖
nd
)
× (1 − J20 )
](
ω
∂Fh0
∂E
+
mF ′h0
reB
+
2α(ω − ωtn‖)
mhvdΩchR
Fh0
)
.
(18)
Only the boxed terms are kept in Ref. 23 to inves-
tigate the effects of CEIs on the tearing mode. We
point out, however, the other terms may not be ne-
glected directly since ω/ωt can be on the same order of
n‖. Especially in the balanced NBI case, the intergrade∫
d3v(n‖/nd)(mF
′/reB) = 0. That is, the co-CEIs can-
cels the effects of the couter-CEIs, leading to the con-
clusion that the CEIs has no effect on the tearing mode.
When other terms are considered properly, the CEIs show
influence on the tearing mode even in the balanced NBI
case. For simplicity of discussion, we focus on the bal-
anced NBI case from the beginning and then H can be
simplified to H = H2Ω
2 +H1Ω+H0, in which
H2 =
Ωchm
2
h
ρ0k2rR
∫
d3v
v2‖
vd
(
∂Fh0
∂E
+
2αFh0
mhvdΩchR
)
(1− J20 ),
H1 =
mhm
ρ0csk2rr
∫
d3v
v2‖
vd
(1− J20 )F ′h0,
H0 = −
2αmhn‖
ρ0c2sk
2
rqR
∫
d3v
[
i
mv3‖
rvd
J0J1 −
v4‖n‖
v2dqR
(1− J20 )
]
Fh0.
(19)
The distribution function of the slowing beam ions is pre-
sumed to be
F σh0 =
pσh(r, θ)m
3/2
h
23/2πBEσ0
δ(λ)H(Eσ0 − E)
1
E3/2 + (Eσc )
3/2
(20)
with Fh0 =
∑
σ
F σh0, where
∑
σ
denotes summation for σ
defined as v‖/|v‖| (σ = 1 for the co-CEIs, and σ = −1 for
the counter-CEIs)[25], pσh =
∫
d3v2EF σh0 is the pressure
of each beam, Eσ0 is the inertial energy and E
σ
c is the
critical energy of the slowing beam ions. According to
Eq. (19), the poloidal dependence of CEIs unperturbed
distribution function modifies H2, gives birth to H0, and
has not effect on H1. Since such a dependence has been
discussed in Ref. [22] and its importance is also stressed
above, we just focus on the case of α = 1 now. In view
of
∫
d3v =
√
2πBm
−3/2
h
∫
dλdEE1/2(1−λB)−1/2, we ob-
tain
H2 = 2
∑
σ
β
σ
c2s
k2rΩ
2
ch(ρ
σ
h0)
4
[ ∫ nσ
d0
0
dnd
1− J20 (nd)
n3d + (n
σ
dc)
3
(nσd0)
2
(
2α− 3n
3
d
n3d + (n
σ
dc)
3
)
− 1− J
2
0 (n
σ
d0)
(nσd0)
3 + (nσdc)
3
(nσd0)
3
]
, (21)
4H1 = 2
∑
σ
mβ
σ
Rcs
k2r(ρ
σ
h0)
2Ωchr
d
dr
ln pσh
×
∫ nσ
d0
0
(1− J20 )
n2d
n3d + (n
σ
dc)
3
dnd, (22)
H0 = −4
n‖
q2
∑
σ
β
σ
k2r(ρ
σ
h0)
2
∫ nσ
d0
0
[
i
mnd
krr
J0J1 − n‖(1− J20 )
]
× n
2
d
n3d + (n
σ
dc)
3
dnd. (23)
We note that H2 is identical with the one in Ref.[22].
Here β
σ
= pσh(r, θ)/(γp0) is the ratio of energetic particles
beam pressure to the plasma thermal pressure and ρσh =
Ω−1ch
√
2E/mh is the drift orbit radius of CEIs with kinetic
energy E. Accordingly, the dispersion relation goes to
Ω4(1−H2)− Ω3H1 − Ω2
(
Ω2G +H0 +
Ξ +H2
q2
)
− H1
q2
Ω +
Ξ
q4
− H0
q2
= 0. (24)
where ΩG = (2 + 1/q
2)1/2 is the classical frequency of
GAM[1].
III. DISCUSSION AND CONCLUSION
Transparent solutions of the dispersion relation (24)
are hard to derived. In order to simplify the discussion,
we adopt the following parameters: β ∼ 0.01, the ma-
jor radius R = 3.2m, the minor radius a = 0.8m and
rs = 0.5m, E0 = 200 kev, Ec = 148 kev, Te ≃ Ti = 5kev,
q ≃ 2.5 corresponding to m = 5 and n = 2, n‖ ∼ 0.1,
and d ln ph/dr ∼ χ/rs. Then one finds H2 ≃ 0.05β,
H0 ≃ 10−3β + 4.3 × 10−5βi, and H1 ≃ 0.11χβ. Ob-
viously that H0 can be neglected directly and only H1
and H2 are kept. The first specifical case is in which the
pressure radial gradient effect of CEIs is ignorable, lead-
ing to H1 ≪ H2 with small χ, and the dispersion relation
is simplified to
Ω4(1−H2)− Ω2
(
Ω2G +
Ξ +H2
q2
)
+
Ξ
q4
= 0. (25)
In the absence of FPWN, the formula above reduces to
the previous result[22]. It has been shown that H2 can
induce instabilities when it is larger than unit or less than
−Ω2Gq2. Due to the similarity between this equation and
the one in [22] with toroidal rotation, detailed discussion
will not be performed here.
In view of H1 ≃ 2χH2, |H1| ≫ H2 comes into be-
ing when χ is sufficiently large and hence H2 can be ne-
glected. Here β is limited to be not too large in order to
insure H2 ≪ 1 or else H2 can not be disregarded. We fo-
cus on the effect induced by the CEIs by assuming Ξ = 0
and then obtain
Ω3 − Ω2H1 − ΩΩ2G −
H1
q2
= 0. (26)
For high safety factor, the formula above simply gives the
frequency of GAM as Ω = (H1 +
√
H21 + 8)/2, which is
stable. The branch with negative frequency is not con-
sidered. A positive H1 is shown to enlarge the frequency
of GAM whereas a negative one decreases the frequency.
This statement is also justified in the cases with a general
safety factor when Ω is limited to be real and positive.
However, when H1 is negative and sufficiently small, in-
stabilities occur. The analytical solutions of the cubic
equation is not transparent, so we are expected to de-
rive the instability criteria by ignoring the growth rates.
We define the left-hand side of Eq (26) as a function
of Ω, F (Ω), which has two flex points determined by
∂F/∂Ω = 0, yielding Ωc± = (H1 ±
√
H21 + 3Ω
2
G)/3. The
GAMs becomes unstable provided that{
F (Ωc−) < 0, for χ > 0;
F (Ωc+) > 0, for χ < 0.
(27)
Easy to see that there is no pure instability. For overin-
stabilities, we can write Ω = Ωr + iγ where Ωr and γ
are both real numbers. Ωr is restricted to being greater
than Ωc+ to insure that γ is a real number. After some
algebraic analysis, we obtain the instability criterion as
H1 < −
[
− 4− 11
2q2
+
q2
2
+ (1 + q2)
1
2
(5 + q2)
3
2
2q2
] 1
2
.
(28)
This criterion shows that when the pressure of CEIs
increases outward, there is no instabilities. When the
pressure of CEIs decreases outward, overinstabilities can
come into being when the criterion above is satisfied. Re-
call that H1 ≃ 0.11χβ, a critical βc is determined by the
criterion above. For β > βc, the GAM become unstable
in the presence of CEIs with finite poloidal wave num-
ber. Defining the right-hand side in the inequality above
as Hc, its dependence on q is illustrated in Fig. 1.
2 4 6 8 10
-10
-8
-6
-4
-2
0
H
c
q
FIG. 1: The dependence of Hc on the safety factor q is
plotted.
In conclusion, the effects of CEIs represented by three
normalized parameters as displayed in Eq. (19) on the
5GAMs with finite wave numbers are investigated with
the aid of hybrid kinetic-fluid model. After adopting the
slowing beam ions distribution function, the dispersion
relation of GAMs with finite wave numbers in the pres-
ence of CEIs is derived in (24) with the specific expres-
sions for H0, H1, and H2 illustrated in Eqs. (21) - (23).
It is found that H0 is negligible, H2 is independent of
the poloidal wave number m and H1 is proportional to
m. Hence for the classical GAM with zero wave num-
bers, H1 = 0 and only H2 plays a role in the dispersion
relation. For nonzero poloidal wave number, H1 is less
important than H2 when the scale length of the radial
pressure gradient of CEIs is compared to or greater than
R, leading to the simplified dispersion relation (25). For
the scale length of order r, H1 is of more importance
than H2, corresponding to the reduced dispersion re-
lation (26), which gives rise to the instability criterion
(28). A simple case with the FPWN is also discussed
in the absence of CEIs and Eq. (17) indicates that the
FPWN exerts similar effect on the dispersion relation as
the toroidal rotation. We also note from Eq. (18) that
the boxed terms are of importance for single co-CEIs or
couter-CEIs, as discussed in [23], but are canceled each
other for the balanced NBI case with n+d0,dc = n
−
d0,dc and
β
+
= β
−
.
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